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1. INTRODUCTION

Parabolic partial differential equations are important in physics,
chemistry and biology. There are a number of interesting problems in-
volving diffusion of heat, of particles or of elementary organiams through
solids, gases or liquids. These give rise to diffusion equations, the
simplest form of which can be written

V2 g2 0g/ ot (1),

where the value of @ is given over the space boundaries for all t, and an

jnitial distribution of which over all space is hxoux.1' It is usually

required to solve for @ at successive steps in t. For simplicity we shall
confine our remarks to the case of a single space variable for the present,
although same of the results are more general than this.

It can be shomz' that certain elliptic equations involving eigenvalues
can also be solved by recourse to solution of a related parabolic equation.
Let us consider the equation

a%p/ar® 4+ 2 { E - V(r) }Pso (2),

where P(0) = P(® ) = O. Solutions of this exist for a set of eigenvalues,

Bn, of B, which are all negative. We order these such that EO<E;'< Ez
etc. Let the corresponding eigen-functions be Pn(r); these may be sup-

posed to form a complete set. We consider now the equation

0%/ ar% + 2{3* -V(r)} Y= 3t/ t (3),

where Y(O) = Y(e ) = O for all t. We may write Y = 121 ©a (s} (r),
since the P form a camplete set. Substituting in equation (3) we f£ind
that a (t) = exp 2(E* - E )Jt. If we choose E* such that Ej < B*< By»

then only 2, is an increasing function of t. We deduce that Y = Po exp

2(B* -lo)t as t increases. We may eliminate the exponential by dividing
through the solution of Y at each step in t by the value of I(r,), where
r, is ay value of r in the range (0, @ )o Thus ¥(r)/(r,) - Po (r)/"l?0

(r.)’ as t - 00.
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This result can readily be generalised to many space variables.
If we replace equation (3) by its 'forward difference! equivalent, we
derive the equation

s { y(rj+1,t) - zy(rj,t) + y(rj_1,t) } + 28 { E* - V(rj)}y(rj,t)

=¥zt + 8) = y(ryt) (),

where s = 8t/ 8r2, J=1525e00e n=1, ry = 0, y(ro) = 0 and r is sufficient-

ly large that y(rn) is negligible. For s = %, this is exactly the equation

derived from stochastic considerations by Kj.ng,:5 * and solved by him using
a 'random walk' process to give solutions for the ground state wave function

of the Simple Harmonic Oscillatorl". The equation can, of course, be solved
also by direct iteration, and this has been carried out successfully by the

amd:.hor5 s both for the Simple Harmmonic Oscillator and also for the ground

state solution of the Hydrogen equation. 4n accuracy of better than 1%
was achieved for the latter function after about 200 iterations (with suit-
able choice of 8 r). The solution took about 40 minutes using EDSAC I,

It is apparent that the solution of same elliptic equations can be car-
ried out by a pseudo-diffusion process, the auxiliary variable t being
introduced artificially to set up an iteration procedure. It is, perhaps,
not generally realised that the normal n-step or iterative processes of
solution of an elliptic equation, such as relaxation or even matrix methods,
effectively introduce swh an auxiliary variable in order to achieve their
object. The solution of el%iptic equations by such a method has been
recently discussed by Young.©.

The essential difference between the solution of elliptic equations hy
use of a related parabolic equation, and solution of a diffusion equation is .

-in the result which is required to be echieved. In the latter case we are

interested in the values of the function at all intermediate values of t,
but usually only qualitatively in the agymptotic behaviour. In the fomer
case we are interested exclusively in the asymptotic behaviour for large t.
The numerical analytical approach, therefore, differs markedly in each case.
We shall refer to them as Case I and Case II respectively.

In either case, of course, we are interested in showing that solutions
of the differential equations exist. In practical cases swh existerce is
usually assureds If difference methods are to be used, our next concern is
to decide what difference replacement is to be used for the differemtial
equation. For Case I we require that the divergence of the solution to the
difference equation from the solution of the differential equation should be
amall and calculable in terms of known quantities after a finite number of

~steps in t -~ the fewer the better. For Case II we require that the diver-

gence should be as small as possible at each of a prescribed set of steps in

N In each case the steps in r are governed by the accuracy to which it is
required to represent the function, and may be regarded as fixed for a given
pmblem.
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2. THE DIFFERENCE REPLACEMENT

In order to ensure that any divergence between the solution of the
differerce equation and the required solution of the differential equation
remains small and calculable it is desirable to exclude any solutions of the
difference system which do not correspond to solutions of the differemtial
equation. Thus, since the differential equation is second order in the
space variables and first order in t, the difference equation should be of
the same order in those variables, For a single spece variable at most
three points in r at two different values of t should be used. This,
nevertheless, pemits some latitude in the choice of difference replacements.
The general replacement has been considered b§ Collatz 7/, and a form sym-
metric in r has been investigated by C °s We may write this in the
form:

2 2
8 {(1“3) 80 + 8-81 } w ‘Aow (5):
where s = 8t/8r2, Si W= w(er ,tm) - 2w(rj,tm)+w(rj_1,tm)Akw

= '(rj’tkﬂ) - '(rj’tk)’ and a is an arbitrary constant less than
mtyo
The cases a = 0, 1 have been discussed by O'Brien, Hyman & Kaplan, and

it has been shown that, for a = 0, 8< %% Crank and Nicholson'®® applied
the value a = % and have shown that, in this case, there is no restriction
on the choice of s imposed by considerations of cumulative rounding error,
or 'stability‘s The convergence of both the process for a = 0 for a = %
to the solution of the differential equation has been proved under fairly

wide conditions by Juncosa & Young1 * and the order of convergence

established. For a = 0, Milne 12 gives the result that the increase in
error at each step in t is O(h™) if s is chosen as '/6, These results have
been extended by Crandall (for s of order 1) from equation (5)s He shows
that the largest value of s for which the increase in error is O(h®) at each
step in t is detemined by the intersection of the two curves, a = %(1-1/6s)
and a = 4(1-4s), giving the result a = (3-¥'5)/6, s =~¥5/10,

Whilst this choice is satisfactory for Case II applications, it is less
satisfactory for Case I, since we are then concerned with rapid eapproach to
an asymptotic behaviour, and accuracy at intemediate steps of the calculation
is not important.  We are free to use the Crank & Nicholson procedure, or
indeed any procedure for which a» %, with any value of s, and some suitable
choice of a such as this is attractive. However, in using an electronic
computer the obvious advantages of using a large step in t must be weighed
against the additional camplication in procedure at each step in t introduced
by any 'implicit' process. Whereas for a = O we may evaluate w(r ’tk-H)

from set of w at tk’ an implicit procedure involves the inversion of a matrix
initially and multiplication of the w(rj,tk), regarded as a vector in r, by

that matrix for each successive step in t. It is our experience that the
use of the Crank-Nicholson process is to be preferred to the forward differ-
ence procedure, since s may often be chosen as large as 4, and the vector
multiplication is not eight times the work at each step in t.
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Processes based on equation (5) are not the only possible methods of
solution of the general difference equa.ti? An alternative stable system
has been investigated by Frankel & DuFort'/., This utilises a difference
replacement using only the allowed set of points in r and t, but is not
symmetric in r. In order to achieve stability and convergence to the
required answer the process is not applied to successive points in r, but
to alternate points on one traverse of the range, followed by application
to the intermediate points on the second traverse. The two superposed
grids are, of course, linked at each step. The process uses larger steps
in t, but is a little more camplicated to compute at each point than the
forward difference procedure. It still suffers by comparison with
*implicit' procedures based on equation (5), however,

3¢ RICHARDSON'S PURIFICATION PROCESS

411 the procedures described above are based on the parsmeter s remain-
ing constant over all t. Richardsonm considered the difference replace-
ment as creating a procedure by which '(rj’tk-l-‘l.) is derived from w(rj, tk)
by adding the result of a linear operation on the w at tk‘ Writing
'(r:j’tk-ﬂ) = '(rj’tk) + Lw(r,tk), we note that the linear operator L must
possess a set of eigenvalues. Richardson pointed out that, writing L =
88 2w say, the choice of 8 near an eigenvalue, 8, would reduce the campo-

nent due to that eigenvalue in the difference between the values of w at

tk+1 and tk. Consequently, for a Case I application it is desirable to

choose s near the principal 8y affecting the difference between the w at ‘l:k
and the agymptotic value of w. Sinoce we do not knowwhichskismoat

important, Richardson proposed the use of different values of s as k in-
creased, the particular 8 being chosen on the basis of experience. This

approach has been applied recently by Leigh 15 s and he has shown that the
restrictions on s derived from equation (5) may be broken occasionally
without instability resulting. 16

It has been shown by Peaceman & Rachford ~ that from equation (5), we
may dedwe a set of eigenvalues for the s, but they have not linked this

with Richardson's procedure. If we write Ak+1' = BA k"> where B is a

parameter independent of r, we may derive fram equation (5) the equation
%'(r;jﬂ) +A°'(rj_1) + (-2'.?) Ao‘(rj) =0 (6)’

where p = (1-B)/s(1-a +aB). Simce A W) = Aw(r ) =0, .Z'may show
that p possesses a set of eigenvalues, Py, given by p, = L4 sin (ix /2N),
i=1,2,00eN=-1, whsre N is the number of points of tabulation over the

range (ro; 11). Corresponding to each eigenvalue is an eigenvector AO'i
(rd), called a 'normal mode' of the system. If no mode is to oscillate,

then we require B € , It is fram this condition that the restrictions on
8 given above are derived. Now let us suppose we choose B = O, and treat

8 as a parsmeter with eigenvalues. Clearly none of the corresponding modes
will oscillate, and we ought to achieve the maximum rate of convergence by
using the resulting eigenvalues in Richardson's process.
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Before we can apply this, however, we must amend the analysis to take
account of s being changed from step to step. Equation (6) still holds,
but we now have p = (1/8 - B/s )/(1 - e+aB). The stability analysis is

no longer straightforward, but we may deduce that, if a » -?z, and 2 and 84
are each greater than %, then B €1 if (1/50 - 1/8,) <4 ain® (®/2N)e
Extrapolating N to infinity this implies 84 must be less than so, but in

practice this rule need not be observed very closely. In particular, if
we choose for s at t, the successive eigenvalues, Ss given by taking

B =0and p =4 sin (kX /2N), then the requisite conditions are fulfilled

for stability, provided we take a > 3.
If we use the exact values for the 8y then Richardson's process is no

longer strictly iterative, buk becomes an N-step procedure, However, it is
not usually possible to use the largest eigenvalues, since &t is then so
large that the error terms dependent upon it become significant.
Nevertheless, the procedure has been successfully applied to a modified
form of the diffusion equation described below., Compared with the nomal
Crank-Nicholson process, convergence is considerably more repid, but it is
necessary to invert a matrix at each step in t, thus involving at least
double the smount of worke In spite of this, results were encouraging

and the totel time taken to obtain similar standards of accuracy by the

two methods favoured the modified Richardson procedure.

4o THE MODIFIED DIFFUSION EQUATION

It was pointed out in the introduction that it is possible to obtain
solution of equations of the fomm of equation (2) by solution of the
related equation (3). In carrying out difference replacement of the
derivatives of suwh an equation the relevart considerations have been dis-
cussed above. Replacement of the extra temm, however, must be cons:.chred,
and a general approach is to replace Y by (1-b) w(r sty )+ bw(r k1)

where b is a constant less than unity. A stabllity analysis along the
lines of([bat given in the vious sgotion leads to equatio

with p = 1+2503r2 (1-b) E"-V(rj) /ao-B{ -2318r2b E‘- v(rj):n

/31 /(1-ataB). If we choose B = O, b = 1, then p has the same value as

if the extra term were not included, and so we may ignore its effect upon
the solution. _
The equation for the ground state wave function of the Simple Harmonic

Oscillator has been solved by Phelps1 /, using the replacement a =}, b = 1,
Comparisons were made between the accuracy achieved over various parts of
the range after a fixed number of steps in t for this process and for the
process using a fixed value of s. In each case the same r was used, and
it was chosen sufficiently amall that the termm containing E was not sig-
nificantly large for values of s around 8 = 1, About 50 steps in r were
taken across the range (0,00). Roughly speaking the Richardson process
gave high accuracy after less than 30 steps in t, whilst a coamparable
accuracy was achieved for s = 2 after about 100 steps in t. It is to be
noted that the eigenvalues were used in ascending order, and the larger
ones amitteds ©No significant improvement was found by comtinuing the
procedure through all except the three or four largest values, which were
so large as to cause trouble, 11405



Of the fixed values tested, s = 2 gave the most rapid approach to maximum
accuracy, although s = 1 was also efficient in this respect. A high
proportion of the eigenvalues fall in the range 1<s8 € 2, and thus a value
for s would have been chosen in this region if the procedure for selection
of s suggested by Peaceman & Rachford had been adopted.

5. CHANGES OF STEP IN THE SPACE VARIAELE

No attempt was made in Phelps' work to use different values of® r in
different parts of the range in re In the earlier investigations by the

author > it had been noted that, if a change is made in 8r, convergence is
more rapid if s is kept fixed across the whole range of r than if s is
changed in order to give the same value of &t across that range. The
problem of cha.nge of step in t has been discussed theoretically by Rachford
and J. Douglas 8, in connection with Case II in two space variables, but
no discussion is given of a change of step in r. It is, of course, ana-
logous to the problem of solution of two similar equations holding it two
different media separated by a boundary. This suggests that each region
should be analysed separately, equations being set up across the boundaries
in same suitable way. For convergence of the whole system we should gener-
ally require the Bk in neighbouring regions to be the same and the overall

normal modes to be stable. Work on this is being currently pursued in
Cambridge by Dr. Iglesias with a view to satisfactory extension of the
methods described to more than one space variable.

6. MORE THAN ONE SPACE VARIABLE

Several applications of difference replacement of the forward differ-
ence type have been made to equations involving more than one space
variable, both for Case II and for Case I. The most usual approach to Case

I is to use the Liebmann method 1,9' or to adopt a process of nelaxationzo.

These procedures have mainly been applied to Laplace's equation. In this
case we write for the Liebmann method:

v(xi’yj’tk'ﬂ) = ‘it{ v(xi-H ’yj’tk) +v(xi-1 ,}’j;+tk) * v(xi’yj.ﬁ’tk) +

V(Il ’yj-1 ’tk )/}

where the introduction of the variable t is usually acknowledged only
implicitly. Subtracting V(xi,yj,tk) from each side, we see that this is an

example of Case I with 8§t/ §x° = st/g y2 = 4o It can be shown that } is
the maximun value that each may assume for stability.

It has been shown by J.Dougla321' that a stable process can be found in

the fom

Aw-(st/sxz)82w+(8t/8y2)82w where A W = W(xX. sV .st, ., )-w(x, ¥ .5t )
o - Ox 1y ? o - i §2 "M 4 2 5 ddeve
2 _

. Skxw = w(xi+1 ,yj,tk) - Z«v(xi,ya.,tk)-l'w(:vci_1 ’yj’tk)’ and similarly for 8126"
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For this procedure there is no restriction on the values of 5t/ 8x2, 8t/&r2.:

This method has been applied in practice by Peacemen & Rachford . with
success, but the grid on (x,y) had equal intervals in each variable. The
problem of what boundaries to use when changing step in x or y has not yet
been satisfactorily solved.

Apart from the simplest replacement procedures, using small steps in t
and a large number of points over the space grid, no applications in more
than two variables are known to the author. An application to three
variables of direct Liebmann methods which yielded interesting results has

been made by Bartlett?”” in solving the Helium equation. The resulting

accuracy, however, is very low. It is felt that more sophisticated methods
can be derived by extension of the processes described here, and that these
will make it possible to reduce greatly the work required to obtain a

given accuracy.
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